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Csf- Abstract 

^h ; 

O ■ We investigate Y(R)F 2 -type coupling of electromagnetic fields to gravity. After we derive field 

q ' equations by a first order variational principle from the Lagrangian formulation of the non- 

<d" 

Q ■ minimally coupled theory, we look for static, spherically symmetric, magnetic monopole solutions. 

We point out that the solutions can provide possible geometries which may explain the flatness of 
O | the observed rotation curves of galaxies. 
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I. INTRODUCTION 



We explore the gravitational model which involves a non-minimal coupling between a 
function of curvature scalar and electromagnetic fields in Y(R)F 2 form. The models with 
-RF 2 -type couplings were investigated in |l|-|l3| in order to obtain more information about 
the modified gravity and electromagnetism. Later, they were extended to the i? m F 2 -type 
couplings [14[ to seed and grow the primordial magnetic fields in the universe. On the 
other hand, late-time acceleration mechanism of the universe has not been well-established 



in modified f{R) gravity (for review see 15[). Also, in the presence of the electromagnetic 
fieldsjthe modified f(R) gravity has some black hole solutions which are not asymptoti cally 
flat 16[. Hence the natural extensions of f(R) gravity to the models, /(i?)- Maxwell 171. Il8|. 
/(G)-Maxwell [l9[ , /(i?)-Yang-Mills |2o| and /(G)- Yang-Mills gravity |2l| were studied in 
order to explain the late-time acceleration and inflation of the universe. Moreover, there are 
works remarking that the rotational curves of test particles gravitating aroundgalaxies may 
be realized by considering a general non- minimal /(-R)-matter couplings 221-124 1 . 

Even though other modified f(R) theories, involving a curvature scalar, exist, non- 
minimal couplings with electromagnetic field need further investigations, in order to show 
new relationships among gravity, electromagnetism and/or electromagnetic duality. Fur- 
thermore, it is important to observe that the non-minimal couplings arise from one-loop 
vacuum polarization effects in quantum electrodynamics of the photon effective action in a 
curved space-time [3[. Then, the non-minimal couplings that break the conformal invariance 
of electromagnetic field give rise to electromagnetic quantum fluctuations at the inflation- 



ary stage, which lead the inflation 25 



26. 



28 



-|30|. The scale of the fluctuations can be 



stretched towards outside the Hubble horizon because of the inflation at that time and they 
lead to classical fluctuations. Therefore, the non-minimal couplings can be the reason of 



inflation and the large scale magnetic fields observed in clusters of galaxies|17l. I31H34J]. Also, 
there are some exotic scenarios for producing the galactic magnetic field from the magnetic 
monopoles 34j. Hence, we emphasize that it is important to find spherically symmetric 
magnetic solutions consistent with observations from solar system to cosmological scales. 

In the present paper, we proceed to investigate the non-minimal couplings of gravitational 
and electromagnetic fields obtaining the magnetic solutions. We first discuss a non-minimally 
coupled Einstein-Maxwell theory. Then we derive the gravitational field equations by a 



first order variational principle using the method of Lagrange multipliers and algebra of 



exterior differential forms, which is in a way independent of the choice o 



local coordinates. 



Consequently, we find solutions recovering the metric functions in |35l . |36[ in the presence of 
magnetic field. Thus, we point out that the solutions are asymptotically flat for some values 
of the parameters in the model and they can provide possible geometries which may explain 
the flatness of the observed rotational curves of galaxies. 

II. FIELD EQUATIONS OF THE NON-MINIMALLY COUPLED THEORY 

We will derive the field equations of the non-minimal theory by a variational principle from 
an action 

I[e a ,u\F} = J L= J £*1, (1) 

Jm Jm 

where {e a } and {uJ a b } are the fundamental gravitational field variables and F = dA is 
the electromagnetic field 2-form. The space-time metric g = r] a be a £g> e b has the signature 
( — h ++) and we fix the orientation by setting *1 = e° A e 1 A e 2 A e 3 . Torsion 2-forms T a 
and curvature 2-forms R a b of spacetime are given in the Cartan-Maurer structure equations 

T a = de a + u\ A e\ (2) 

R\ = du\ + u\ A u\. (3) 

We consider the following Lagrangian density 4-form; 



2k 2 2 



L = —R * 1 - -Y(R)F A *F + T a A A OJ (4) 



where k 2 = 8irG is Newton's universal gravitational constant (c = 1) and R is the curvature 
scalar which can be found by applying interior product i a twice to the curvature tensor R ab 
2-form. This Lagrangian density involves Lagrange multiplier 2-form A a whose variation 
imposes the zero-torsion constraint T a = 0. 

We use the shorthand notation e a A e b A • ■ ■ = e ab '" , and L a F = F a , i ba F = F ab) L a R a h = 
R b , Lb a R ab = R- The field equations are obtained by considering the independent variations 
of the action with respect to {e a }, {uj a b } and {F}. The electromagnetic field components 



are read from the expansion F = \F ab e a A e b . We will be working with the unique metric- 
compatible Levi-Civita connection. 

The infinitesimal variations of the total Lagrangian density L (modulo a closed form) are 
given by 

L = ^e a A R bc A *e abc + e a A )-Y{R)(i a F A *F - F A i a * F) + e a A D\ a 
2k z 2 

+e a A Y R (i a R b MF A *F) + l -u ab A (e b A X a - e a A A 6 ) 

+w afe A S a6 - F A F(i?) * F + A a A T a . (5) 

where Yr = 4^, and the angular momentum tensor 

S afe = -Dz a6 [y fl FA*F]. (6) 

The Lagrange multiplier 2-forms A a are solved uniquely from the connection variation equa- 
tions 

e a A X b - e h A A a = 2S a6 , (7) 

by applying the interior product operator twice as 

A a = 2i b Z ba + -i bc Y, cb A e a . (8) 

We substitute the A a 's into the e a equations and after some simplifications we find the 
Einstein field equations for the extended theory as 

^R bc A *e abc + \Y{i a F A*F-FAi a *F) + Y R (L a R b )L b (F A *F) 

+ l -D[i b D{Y R F mn F mn )} A *e ab = 0, (9) 

while the Maxwell equations are 

d(Y*F) = 0, dF = 0. (10) 

We note that our action (j3j) and the field equations (IDl- ffTUl) when written out explicitly in 



any local coordinate system are equivalent to the action in [181 ] . However, our variational 
derivation involving Lagrange multipliers is given in a way independent of the choice of 
coordinates. 



III. STATIC, SPHERICALLY SYMMETRIC, MAGNETIC SOLUTIONS 

We consider (l+3)-dimensional static, spherically symmetric solutions to the non-minimal 
model which are given by the metric 

g = -f{r) 2 dt 2 + f(r)- 2 dr 2 + r 2 d6 2 + r 2 sin(0) 2 d0 2 (11) 

and the following electromagnetic tensor F which has only magnetic component; 

F = B(r)r 2 sin(0)d0 A d<j> = B(r)e 2 A e 3 . (12) 

The non-minimally coupled field equations (jUJ) give us the following system of equations 
for the metric (1111) together with the magnetic field 2- form (TT2"j) : 



1 r2> f2 _ i f2>' f 2' i 



y r b 2 ^— + J —) + -Fi? 2 + [(5 2 y fl )'/]7 + -/ 2 (£ 2 W = o, 



kt r r* z r z r 

i £ 2' .f 2 i .f 2'' -f 2' i -f 2' o ^2 

- 2 { J - + ^=-) + Y*B 2 (^- + L.) + -F5 2 + (£%)'(%- + -f ) = 0, (13) 



i -f2' ^2' f2 f £2 i i ^2' j?2 



Here the curvature scalar is calculated as 



R = -f"-- r f 2 '-^(f 2 -^ (14) 



A. Exact Solutions 

We note that the system of equations are reduced to a simpler form when we assume the 
condition 

Y R B 2 = C (15) 

where C is a constant to be fixed according to (117j) . Then, the field equations ( fT3l) turn out 
to be 

\{f 2 "-^f 2 -^){c-^) + YB 2 = 0, (16) 

?(i + C) = 0. (17) 



2 v k 



In this paper, to recover the previous metric functions obtained in 35|, |36J we deal with 
certain non-minimal functions Y(R) that involve a new non- minimal coupling constant A 
which can be related to cosmological constant. 



26 



.^irst, we consider the inverse function of 35], i.e. the following non- minimal coupling 



23| : 



Y(R) = l- ai hxA) 



(18) 



where R\(r) = R{r) + 12A, Oi is a dimensionless coupling constant, R is a con- 
stant with the same dimension as that of R. We note that the non-minimal coupling 
constants a,\ and Rq are related to the strength of the electromagnetic field-gravity 
couplings. 

As a phenomenological approach to take these forms of Y(R), in [37], it has been 
demonstrated that a logarithmic non-minimal gravitational coupling like this type ap- 
pears in the effective renormalization-group improved Lagrangian for an SU(2) gauge 
theory in matter sector for a de Sitter background. For this model, the time variation 
of the fine structure constant has recently been examined in [38] . 

In this case we find the following geometry and magnetic field: 



f(r) 



B(r) = ± 



2M ai^V, r K 2 q 2 (l + 5a 1 ) , , 
- + ^- In - - + - \ - + \r 2 , 



/• 



/- 



?'o 



4 r , 



for oi ^ 0, (19) 
(20) 



where tq is an integration constant satisfying the relation Tq 



- ^f~, q and M are 
respectively magnetic charge and mass of the gravitating object. Thus the curvature 
scalar becomes 



R[r) 



aiK 2 q 2 



12A. 



(21) 



Second, the inverse of 36j, i.e. the following non-minimal coupling 
reads: 



11 



26] which 



Y{R) = 1 



R 

Rf) 



X \P 



(22) 



we find the following metric function and magnetic field: 



f(r) = 1 - 



B(r) 



2M K 2 q 2 a 2 (/3-l) 2 m+1 



+ 



4 r 5 



4/3(3/3 + 1) 



r z 3 - 1 + \r z 



forR ^0, fi± 0,1, --(23) 

(24) 



which give the curvature scalar 



R(r) 



a 2 r 



0-1 



12A 



(25) 



where a 2 



K 2 q 2 (3 ' 



l 
I/ 3 " 1 . 



We note that this system of equations (15-17) has consistent solutions for only the magnetic 
field B — -% which can be obtained from the magnetic monopole (Dirac monopole) potential 



A = q{l- cos(6))d(j) 



which is determined by the Gauss integral 



A-kjs 2 



— B(r)r 2 sm9d9A 



(26) 



(27) 



The analysis of the solutions such as horizons and asymptotic behaviors can be found in 



35 



36[. The metric function (23) with /3 = —3 give us a Rindler acceleration term which 



is also obtained from a Dilaton-gravity model in 39|, |40[ to explain some anomalies such as 
the rotation curves of spiral galaxies and Pioneer anomaly 4l|, |42|. Furthermore, the case 
with < —gZY < 1 has the term which is more efficient in the large scale region. This 
case corresponds to an attractive force for °gij~^ > 0. Thus, these solutions may explain 
the dark matter effects like the formation of the galaxies in these ranges — | < (3 < and 
a2<0or0</3<l and a 2 > 0. If dark matter is not an exotic matter, the non-minimal 
couplings give rise to such effects 43J for the values of the parameters in the above intervals 
depending on the physical system. 

The metric (1231) leads to the effective potential; 

M 



V f 



*ff 



n 2 q 2 aoid — l) 2 2,3+2 



(28) 



r 87- 8/3(3/3 + 1] 
for vanishing angular momentum and cosmological constant. This effective potential can be 
rewritten in the following form 

r 



Veff = 



r c 



P 



+ 



K 2 q 2 



(29) 



where f3 



3,8+1 
/3-1 ' 



We notice that for large scale and 



/3 > the last term vanishes and our 



45[ . More comprehensive analysis of this 



potential reduces to the effective potential in [44, 
case can be found there. 

In order to give more indications on how confront our results with observational data we 



calculate the speed of rotational curves for the metric ( 1231) from v 



dV, 



eff 



iJr 



\ 



M 
r 



K 



2r,2 



q 2 a-2(/9 2 — 1) 2/3+2 



Ar 2 4/3(3/3 + t 



(30) 



The graphs of speed vs. radius are plotted in FIG. l-(a) for small galaxies (10 8 solar masses 
~ 10 46 Planck mass) and in FIG. l-(b) for large spiral galaxies (10 11 solar masses ~ 10 49 
Planck mass), assuming that mass density is constant until r = 10 54 and r = 2 x 10 55 , 
respectively, then goes to zero. The graphs resemble to the observational velocity profiles 
see e.g. 46], where 10~ 3 = 300 km/s. Thus, the large scale magnetic field which is generated 
due to the breaking of the conformal invariance of the electromagnetic field can be reasons 
of the the flatness of the rotational curves of galaxies for some parameter values. 



0.0003 
0.0002 
0.0001 



1.x 10" 2.x 10" 3.x 10" 4.x 10" 5. x 10" 



■ the velocity for the non-minimal model 

■ Newtonian velocity 




2. xlO 55 4. xlO 55 6.x 10" 8. xlO 55 1.x 10 56 



■ the velocity for the non-minimal model 

■ Newtonian velocity 



(a) (b) 

FIG. 1: The velocity profiles of rotational curves for a) dwarf galaxy with 

(3 = —1.000001 = a2 = i?o and q 2 n 2 = 1, b) large spiral galaxy with 

(3 = -1.000002512 = a 2 = #0 and q 2 n 2 = 1. 



It is relevant to point out that equations ffT9|) and ( 123]) show naked singularity solutions, 
for some values of the involved parameters (see for example 35[). Nevertheless, naked 
singularities, evaluated at some future space-time points, could be revealed by an observer, 
giving observational consequences 47H50|. The naked singularities and black holes could be 
observationally differentiated through their gravitational lensing features (number of images, 
their orientations, magnifications, and time delay, etc.) 5lN54|. 
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IV. CONCLUSION 

We have considered a non-minimally F(-R)-F 2 -coupled Einstein-Maxwell theory and looked 
for static, spherically symmetric and magnetic solutions. After we find the reduced field 
equations for the theory, we choose the non- minimal Y(R) function to recover the metric 



solutions which is obtained from previous studies with electric field 35|, |36|. In 35 



those solutions are electrically charged and the electric field changes sign due to polarization 
effects. But, in this work, the magnetic monopole field is not modified by the non- minimal 
couplings. In addition, we obtain consistent magnetic monopole solutions only for the Y(R) 



function which is equal to the inverse of that in 35|, l36 |. 



Meanwhile, the pp-wave solutions of the non-minimal couplings in RF 2 form can be found 



in 



10|. Though it is difficult to find an exact electric monopole solution to the model, an 



exact magnetic monopole solution was found for a special case in |8|. In this case, Reissner- 
Nordstrom solution was modified by Q/r A term. But it is difficult to find more general 
modifications to the Reissner-Nordstrom-like solutions, such as r a or ln(r). This work fills 
in this gap. 

In the zero magnetic charge limit, the model with the non- minimal couplings reduces 
to the Einstein gravity which has some observational inconsistencies such as flatness of 
galactic rotation curves and Pioneer anomaly. But, in the case of non-zero magnetic charge, 
the model leads to new solutions ( TT9l and ( !23l) . We can apply these new solutions to the 
behavior of a test object in gravitational potential of a galaxy (like a star) or the solar system 
(like a planet). In these cases, the effective potential of the test object is modified similarly 



as in 



39 



40 



43I446J . Here the new modifications are generated from the total magnetic 



charge in this closed region. Future efforts can be spent to investigate if our model can show 



55 



56[). Moreover, the solutions which 



a unified dark matter behavior (see for instance 

have the naked singularities are important for their gravitational lensing features (number of 

images, their orientations, magnifications, time delay, etc.) and repulsive effects of gravity 



47 



51- 



The non-minimal coupling of the curvature scalar with magnetic fields may not be efficient 
in small scale, but it gives important modifications to the gravity in astrophysical scale. Since 
the value of the coupling parameters depends on the system we describe, our metric does 
not necessarily spoil the solar system precision tests and the non-minimal coupling can be 
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considered as one of the sources for shedding light on this cosmic dark matter, and vice 
versa. On the other hand, there is no observational evidence on the existence of magnetic 
monopoles in galaxies; however, it does not exclude the possibility of their existence, and it 
may be explained by their scarcity. Even if magnetic monopoles are rare, they may be very 
heavy. Thus, they may have important effects to the dynamics of galaxies and make up 
the dark matter of galactic halos |57[. But it is a challen ging problem to detect these rare, 



leavy monopoles. Future experiments such as MOEDAL [58(, ANITA-II [59j, AMANDA-II 



60| and IceCube 61[ may solve the fundamental mystery of the universe. 
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